In this paper, we study the density of fixed strongly connected subtournaments on 5 vertices in large tournaments. We determine the maximum density asymptotically for three tournaments as well as extremal families for each tournament. We use Razborov's semidefinite method for flag algebras to prove the upper bounds. arXiv:1505.05200v1 [math.CO] 19 May 2015
Introduction
The problem of maximizing the number of strongly connected subtournaments of a fixed size in a tournament has been solved exactly by Beineke and Harary [1] in 1965. On the other hand, the related problem of minimizing transitive subtournaments of given size has only been solved recently by Coregliano and Razborov [3] , who showed that the density of a transitive subtournament of any fixed size is asymptotically minimized in a tournament with n vertices when such tournament is chosen uniformly at random among all tournaments with vertex set [n] := {1, . . . , n}. Furthermore, they prove that, for k ≥ 4, any extremal family is necessarily quasi-random.
In this paper, we study the density of fixed strongly connected subtournaments on 5 vertices. Note that Beineke and Harary [1] consider all possible strongly connected orientations, while we consider the orientations separately. We study the tournaments in Figure 1 , which we denote by T 1 , T 2 , and T 3 . We chose T 1 because of the fact that it is the only tournament on 5 vertices with 2 cycles of length 5. We chose T 2 since its maximum density is obtained by random tournaments asymptotically (and it is the only strongly connected subtournament on 5 vertices for which this holds). We chose T 3 since its maximum density is achieved by the family described in [1] (and this family also achieves the maximum for T 1 ). For any tournaments T, T with |V (T )| ≤ |V (T )|, let p(T ; T ) denote the probability that the tournament induced by a set of |V (T )| vertices chosen uniformly at random from V (T ) is isomorphic to T (that is, the induced tournament is a copy of T ). For any positive integer n, let T n denote the set of tournaments with vertex set [n]. Next we state our main result.
and lim
Equation (1) partially confirms a conjecture proposed by Coregliano in [2] . We split the proof of Theorem 1.1 into two parts: the proof of the lower bounds and the upper bounds. The proof of the upper bounds are given in Section 3 and are an application of Razborov's semidefinite method for flag algebras [6] . In Section 2, we present a brief overview of this method. The proofs of the lower bounds are given in Section 4, where we show families of tournaments (R n ) n∈N achieving the values in (1), (2) and (3).
Razborov's semidefinite method for flag algebras
In this section we present a brief summary of the semidefinite method proposed by Razborov [6] . We state the method for tournaments, but we mention the method works for the very general setting of universal theories.
Given a tournament H, for every integer , let H be the set of tournaments on vertices that are subtournaments of H up to isomorphism. Then we can compute p(T , T ) as an average over H as follows
However, in general, this upper bound is too weak to help finding the extremal values. Next we will see how to use flag algebras to obtain better bounds. We start by defining some basics notions of flag algebras. Let T be a n-vertex tournament, k a positive integer and θ an injective map θ : [k] → V (T ). A flag is the pair F = (T, θ). Given a flag F , we denote by T F the tournament associated with the flag. If θ is bijective we call the flag a type.
Given a flag F = (T F , θ), let T F [θ] denote the tournament of [k] such that (i, j) is an arc in T F [θ] if (θ(i), θ(j)) is an arc in T F . Given a type σ = (T σ , θ σ ), we say that a flag F = (
The order of σ-flag F is |V (T F )|. We say that σ-flags F = (T F , θ) and F = (T F , θ ) are isomorphic if there exists an (digraph) isomorphism φ for F to F such that φ(θ(i)) = θ (i) for all i ∈ [k].
Fix a type σ and and integer m. Let F σ m be the set of all σ-flags of order m, up to isomorphism. Now we define a probability involving the embedding two σ-flags in another σ-flag so that the labeled vertices coincide. Let F a and F b be σ-flags of order m a and m b , respectively, and let F = (T F , θ) be a σ-flag. Let V a be a m a -set and V b be a m b -set chosen uniformly at random from
Note that the difference between p(F a , θ; T F )p(F b , θ; T F ) and p(F a , F b , θ; T F ) comes from sampling of V a and V b with or without replacement. The following lemma tells to us that this difference is essentially negligible (this is a especial case of Lemma 2.3 in [5] ).
where the o(1) tends to zero as |V (T F )| tends to infinity.
For all k and tournament T , let Θ(k, T ) be the set of all injective functions from [k] to V (T ). Let F be a σ-flag and θ be chosen uniformly at random from Θ = Θ(|σ|, T F ). By linearity of expectation and Lemma 2.1, we have
For every integer k and subtournament H of a tournament T , let Θ H = Θ H (k) be the restriction of Θ(k, T ) to the functions θ such that im(θ) ⊆ V (H). Now, we compute the expectation of p(F a , F b , θ; T ) by first embedding F a and F b into subtournaments of T . We have that
For every θ ∈ Θ = Θ(|σ|, T ) define the vector p θ = (p(F, θ; T ) : F ∈ F σ m )) indexed by F σ m . We have all necessary definitions to present the semidefinite method and improve the upper bound in (4) . For this we use properties of positive semidefinite matrices. Let Q be a positive semidefinite matrix indexed by F σ m × F σ m . By the definition of positive semidefinite matrices, we have that p T Qp ≥ 0 for all real vectors p indexed by F σ m . Thus, by applying this inequality to p θ for θ ∈ Θ(|σ|, T ) and taking the average over Θ, we conclude E θ∈Θ [p T θ Qp θ ] ≥ 0. Using (5), (6) and by linearity of expectation, we have
where we define c H (σ, m, Q) as the coefficient of p(H; T ) for each H ∈ H in the summation above.
Given a positive integer t, let (σ i , m i , Q i ) be triples such that, for every 1 ≤ i ≤ t, we have that σ i is a type, m i ≤ ( + |σ i |)/2 is an integer, and Q i is a positive semidefinite matrix of
Note that c H can be negative. Because of this, it can be used to improve the upper bound in (4) .
The value of c H is computed by the following semidefinite program
Proof of Theorem 1.1: upper bounds
In this section we prove the upper bounds in Theorem 1.1. We use the semidefinite method for flag algebras as presented in Section 2. 
Proof of Lemma 3.1. In order to use the semidefinite method, we need to fix , which is used in (4). Then we need to define c H for every H ∈ H as in (8). To define c H we choose how many types t we will use and the types σ i we want to use. For each type σ i , we choose an integer m i satisfying m i ≤ ( + |σ i |)/2 and a positive semidefinite |F σ i m i | × |F σ i m i | matrix Q i . We will use t = 2 and use the types σ(3, 1) and σ(3, 2) defined as follows. Let T (3, 1) and T (3, 2) be the two 3-vertex non-isomorphic tournaments, and let θ 1 : [3] → V (T 1 3 ) and θ 2 : [3] → V (T (3, 2)) be two injective mapping such that σ(3, 1) = (T (3, 1), θ 1 ) and σ(3, 2) = (T (3, 2), θ 2 ) are types (see Figure 2 ). Define σ 1 = σ(3, 1) and σ 2 = σ(3, 2). We use = 6 and m 1 = m 2 = 4 (so that 4 = m i ≤ ( + |σ i |)/2 = 4.5). We use the positive semidefinite matrices Q(1, 1) and Q(1, 2) with dimension |F σ 1 4 | = |F σ 2 4 | = 8 shown below: 
To see that Q 1 and Q 2 are positive semidefinite, we analyse their characteristic polynomials: p Q 1 (x) = x 8 − 43/2x 7 + 75/8x 6 and p Q 2 (x) = x 8 − 15x 7 + 243/16x 6 . It is easy to see that these polynomials have non-negative roots and so the matrices Q 1 and Q 2 are positive semidefinite. The matrices Q 1 and Q 2 were found with the aid of semidefinite programming solver [4] for the SDP in (10). 
The set H 6 consists of 56 non-isomorphic tournaments and we compute p(T 1 ; H) for each H ∈ H 6 exactly using computational tools.
The proofs of the upper bounds for T 2 and T 3 are very similar to the proof of Lemma 3.1. We choose how many types t we will use and the types σ i we want to use. For each type σ i , we choose an integer m i satisfying m i ≤ ( + |σ i |)/2 and a positive semidefinite
In the tables below, σ(3, 1) and σ(3, 2) are as defined in the proof of Lemma 3.1 and σ(1) consists of a tournament with a single vertex labeled by 1. The matrices are shown in Appendix A. As in the proof of Lemma 3.1, to show that these are positive semidefinite, we compute their characteristic polynomials using Maxima (a symbolic mathematics software) and see that their roots are non-negative.
For each j ∈ {2, 3}, we then compute c H = t i=1 c H (σ i , m i , Q i ) and p(T j ; H), for every H ∈ H , and obtain the desired bounds.
Proof of Theorem 1.1: lower bound
In this section, we prove the lower bounds in Theorem 1.1. Proof of Lemma 4.1. We omit the proof for T 3 since it is very similar to the proof for T 1 . Fix n > 5 and R n is the n-tournament constructed as follows. Let R n be a tournament on [n] and, for each distinct i, j ∈ [n], include the arc (i, j) if j − i + 1 ≤ n/2 and the arc (j, i) if j − i + 1 > n/2. Now, we compute the number of (induced) copies of T 1 in R n , which we denote by ind(T 1 ; R n ). Suppose we label the vertices of T 1 from 1 up to 5. Suppose that the vertex 1 from T 1 is mapped to the vertex 1 of R n . If vertex 2 is mapped to a vertex i, then 2 ≤ i ≤ n/2 and vertex 3 has to be mapped to a vertex j such that i+1 ≤ j ≤ n/2 . Vertex 4 has to be mapped to a vertex k such that n/2 +1 ≤ k ≤ n/2 −1+i (since it (2, 4) and (4, 1) are arcs in T 1 ). Vertex 5 has to be mapped to a vertex such that n/2 + i ≤ ≤ n/2 − 1 + j (since it (3, 5) and (5, 2) are arcs in T 1 ). See Figure 3 . Note that, after we fix the positions of the vertices 1, 2 and 3, the number of choices for the vertex 4 becomes i − 1 and for the vertex 5 becomes j − i. A similar analysis for each of the n choices for vertex 1 shows that, after we fix the positions of the vertices 1, 2 and 3, the number of choices for the vertex 4 becomes i + O(1) and for the vertex 5 becomes j − i + O(1). Thus, we have n choices for vertex 1 and n/2 i=1 n/2 j=i+1 (i + O(1))(j − i + O(1)) for the other vertices. We divide this number by 5 to account for the number of automorphisms of T 1 . Hence, we have that
and so lim n→∞
Let T (n) denote the tournament on [n] obtained by choosing a orientation of the complete graph on [n] uniformly at random. Since the probability that the tournament induced by any 5 vertices of T (n) is isomorphic to T 2 is (1/2) 10 · 5!/|Aut(T 2 )|, we have that
which proves the lower bound for T 2 in Theorem 1.1. 
